Abstract Based on the fundamental equations of piezoelasticity of quasicrystal media, using the symmetry operations of point groups, the linear piezoelasticity behavior of one-dimensional (1D) hexagonal quasicrystals is investigated and the piezoelasticity problem of 1D hexagonal quasicrystals is decomposed into two uncoupled problems, i.e., the classical plane elasticity problem of conventional hexagonal crystals and the phonon-phason-electric coupling elasticity problem of 1D hexagonal quasicrystals. The final governing equations are derived for the phonon-phasonelectric coupling anti-plane elasticity of 1D hexagonal quasicrystals. The complex variable method for an anti-plane elliptical cavity in 1D hexagonal piezoelectric quasicrystals is proposed and the exact solutions of complex potential functions, the stresses and displacements of the phonon and the phason fields, the electric displacements and the electric potential are obtained explicitly. Reducing the cavity into a crack, the explicit solutions in closed forms of electro-elastic fields, the field intensity factors and the energy release rate near the crack tip are derived.
Introduction
Shechtman et al. 1 firstly discovered the fivefold symmetry in the diffraction pattern of Al-Mn alloys and claimed that there is a new structure of solid state in nature, which possesses unique atomic structures with perfect long-range but not periodic translational order and long-range orientational order. Levine and Steinhardt 2 named the new structure order as quasicrystals (QCs).
As a new structure of solid matter, QCs have many desirable properties, such as high hardness, low friction coefficients, low surface energy, low heat-transfer, low adhesion, corrosion resistance and high wear resistance, 3, 4 which are expected to be used in coating surface, solar cells, thermoelectric converters and containers of nuclear fuel. Recently, scientists have been considering to replace the traditional materials used to be employed in the aerospace industry with the quasicrystal materials, such as coating surface of spacecraft's wings and fuselage, as well as the thermal barrier coating.
Soon after the discovery of QCs, the elastic theory of QCs was established. 5, 6 Experiments have shown that QCs are quite brittle 7 and the defects of QCs have been observed. 8 Phason jumps have been observed by time-of-flight experiments. 9 In fact, phason jumps depend on the scale. At small scales, phasons are local jumps, but at macroscopic scales, symmetry and conservation laws determine the dynamics. 10 From a microscopic point of view, some sites are more prone to present defects since phasons jumps have preferred sites and thus cracks will follow such lines of high component in the perpendicular projection space. 11 Great progress has been made in the mechanical properties involving the elasticity and defects, such cracks, holes and dislocations. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] By using the Stroh formalism, Radi and Mariano 22 investigated the straight cracks in 2D QCs and obtained the closed-form solution to the balance equations in terms of phonon and phason fields. The Stroh formalism for 2D deformations of the icosahedral QC was then studied by Li and Liu. 23 Guo et al. 24 proposed a semi-inverse method of 1D hexagonal QCs with a Griffith crack.
QCs are sensitive to mechanical, thermal, electrical, magnetic and optical effects, and these physical properties have been investigated intensively [25] [26] [27] [28] and piezoelectricity is an important physical property of QCs in particular. The electronic structure and electron transport have been investigated by Fujiwara and Ishii. 29 Zhang 30 reviewed the electronic properties of stable decagonal QCs. The independent and non-vanishing first-order piezoelectric, piezomagnetic, pyromagenetic, photoelastic and magnetoelectric coefficients were obtained. [31] [32] [33] [34] Wang and Pan 35 addressed a uniformly moving screw dislocation in 1D piezoelectric QCs with point group 6 mm. Recently, Altay and Do¨kmeci 36 have developed the 3D fundamental equations of piezoelasticity of QCs. Li et al. 37 obtained the 3D fundamental solutions for 1D hexagonal QCs with piezoelectric effect, and the propagation of cracks may lead to premature failure of these materials produced during their manufacturing process when QCs are subjected to mechanical and electrical loadings in service. However, to the best knowledge of the authors, no work on the fracture mechanics of piezoelectric QCs has been done up to now. Therefore, it is very important to study the crack problem of QCs subjected to the mechanical and the electrical loadings from the viewpoint of theoretical and practical applications.
In the present study, we aim to establish a theory of fracture mechanics of piezoelectric QCs with point group 6 mm. To begin with, the basic equations for piezoelasticity of QCs are introduced in Section 2. In Section 3, by using the symmetry operations of point groups, the fundamental equations for linear piezoelasticity of 1D hexagonal QCs are given and we make a rigorous treatment of these equations for fracture mechanics. Then the Stroh-type formalism is developed in this section. In Section 4 we examine an antiplane elliptical cavity of 1D hexagonal piezoelectric QCs by the complex variable method. The field intensity factors and the energy release rate near the crack tip are obtained in Section 5. Some numerical examples are provided in Section 6 to reveal the effects of the electro-mechanical coupling behavior at the energy release rate. The concluding remarks and further needs for research are indicated in the last section.
Basic equations for piezoelasticity of QCs
In a fixed rectangular coordinate system x i ði ¼ 1; 2; 3Þ, the basic equations for piezoelasticity of QCs presented by Altay and Do¨kmeci 36 include equilibrium equations r ij;i ¼ 0
gradient equations
and constitutive equations
where a comma denotes partial differentiation and the repeated indices represent summation; r ij , e ij , u i are the stress, strain and displacement of the phonon field, respectively; H ij , w ij , w i are the stress, strain and displacement of the phason field; D i , E i and / stand for the electric displacement, the electric field and the electric potential, respectively; C ijkl , K ijkl , R ijkl stand for the phonon elastic, phason elastic and phonon-phason coupling modulus; e ijk and d ijk stand for piezoelastic constants of the phonon and the phason fields, respectively; k ij is for the dielectric permittivity. The following reciprocal symmetry conditions hold:
For stable materials, C ijkl ; K ijkl and k ij satisfy the positivesemidefinite conditions, namely
for non-zero vector g i and non-zero tensor g ij :
3. Governing equations of 1D hexagonal piezoelectric QCs and Stroh-type formalism
Governing equations
For 1D QCs, there are non-zero phonon displacements u x ; u y ; u z , phason displacement w z (w x ¼ w y ¼ 0) and electric potential /; the corresponding strains and the electric fields are
Eq. (6) holds for all piezoelasticity of 1D QCs. In this paper we only consider the piezoelasticity of 1D hexagonal QCs. According to the symmetry operations of point groups 38 , for piezoelasticity of 1D hexagonal QCs with z as a symmetry axis, we can obtain the constitutive equations as follows:
where short notations for the phonon elastic constant tensor are used, i.e., index 11 fi 1, 22 fi 2, 33 fi 3, 23 fi 4, 31 fi 5, 12 fi 6 and C ijkl is denoted as C pq accordingly. There are five independent phonon elastic constants, i.e., C 11 ¼C 1111 ¼C 2222 ,
ðC 1111 ÀC 1122 Þ; two independent phason elastic constants, i.e., From Eq. (7), the corresponding stress-strain relations are
The corresponding equilibrium equations of Eq. (1) are
It is found from Eqs. (6), (8) and (9) that there are 29 equations and 29 field variables including four displacements, nine strains and nine stresses, three electric fields, three electric displacements and one electric potential. Thus, the elastic equilibrium problem of piezoelasticity of 1D hexagonal QCs is more complicated than that of 3D classic elasticity, 1D hexagonal QCs elasticity and piezoelectric materials. We will present a rigorous treatment of the problem in this work. If there is a straight dislocation or a Griffith crack along the direction of the atom quasiperiodic arrangement and the polarized direction of electric field along the z-axis, the deformation is independent from the z-axis, i.e.,
Therefore, we have the following gradient equations and the equilibrium equations in the absence of the body forces of phonon and phason fields and the electric density, respectively: 
And the constitutive equation Eq. (8) 
Eqs. (11) 
which is just the classical plane elasticity of conventional hexagonal crystals. The other problem is r 
which is a phonon-phason-electric coupling elasticity problem, involving only the displacements u z , w z and the electric potential /. It is an anti-plane piezoelasticity problem of 1D hexagonal QCs.
Stroh-type formalism
The plane elasticity described by Eq. (14) has been studied extensively using the stress function method, i.e., introducing the stress function F such that
then Eq. (14) is reduced to the solution of the following governing equation
where
@y 2 is a Laplace operator. This problem is considerably discussed in classical elasticity, so we do not consider it here.
To our interest, the phonon-phason-electric coupling anti-plane elasticity problem described by Eq. (15) may bring new insight into the scope of piezoelasticity of QCs.
Substituting the gradient equations into the constitutive equations, then into the equilibrium equations in Eq. (15), we have the final governing equations
where u ¼ u z ; w z ; u ½ T is called the generalized displacement vector, and 
The general solution of Eq. (18) is
where fðzÞ is an analytic function.
To develop a Stroh-type formalism for anti-plane deformation, we introduce a generalized stress function vector / such that
Finally, the general solutions of Eq. (15) can be expressed as
which
where I is a 3 Â 3 unit matrix. It is found from the above derivations that if only the complex potential fðzÞ is available under the given boundary conditions, the stress of the phonon and phason fields and the electric fields can be determined by Eqs. (21) and (23).
Explicit and exact solutions of elliptical cavity
Consider an elliptical cavity in a 1D hexagonal piezoelectric quasicrystal solid is infinitely large, as shown in Fig. 1 .
It is assumed that the direction of the atom quasiperiodic arrangement and the polarized direction of electric field are along the z-axis. The elliptical cavity is free of traction on its surfaces and the electrical boundary condition is electrically impermeable. The solid is subjected to uniform remote outplane shear and in-plane electric field loadings. In the solid, the potential vector fðzÞ takes the form literature 39 fðzÞ ¼ c
where c 1 is a complex constant vector that has something to do with the remote loading conditions, and f 0 ðzÞ is an unknown complex function, further, f 0 ð1Þ ¼ 0. Differentiating Eqs. (22) and (23) (27) and then taking z ! 1 yields
From Eqs. (28)- (30), we have
The mechanical-electric boundary conditions along the surfaces of cracks and hole can be expressed as It is difficult to directly solve the complex function fðzÞ from Eq. (35) under given boundary conditions. Research on simpler and efficient methods for solving more complicated problem is still a necessary and important task for fracture mechanics. Therefore, we introduce a conformal mapping function
which maps the exterior of the elliptical hole in the z-plane into the exterior of a unit circle in the f -plane, and
In the f -plane, Eq. (35) can be transformed into
in which r is the point on the unit circle, and f 0 ðrÞ ¼ f 0 ðxðrÞÞ is defined. Fig. 1 An elliptical cavity in one-dimensional hexagonal piezoelectric quasicrystals.
Substituting Eq. (36) into Eq. (38), we find
Multiplying the resultant equation by dr=½2piðr À fÞ, where f is a point inside of the unit circle, and performing the Cauchy integration on the unit circle c in the clockwise direction, Eq. (39) reduces to 1 2pi
where K r and K H denote the stress intensity factors of the phonon field and the phason field, respectively; K D is the electric displacement intensity factor. For this problem, these field intensity factors have the following forms:
For this particular problem, the field variables have the same crack-tip behavior as the classical mode III fracture problem. If all electrical quantities are made to vanish, the present solutions reduce to the solutions of 1D hexagonal QCs. 3 If all the phason field quantities vanish, the present solutions reduce to the solutions of piezoelectric materials. 40 It is seen from Eqs. (30) and (31) that the stresses of the phonon and the phason fields, and the electric displacement are uncoupled with each other. Furthermore, the field intensity factors corresponding to the field variables applied at infinity are independent from material constants and uncoupled with each other. Therefore, we will consider the energy release rate in characterizing defects subjected to more than one field loading.
The general energy balance for an infinitesimal crack extension can be expressed as
where W denotes the generalized work done by external mechanical and electrical loadings, U is the generalized mechanical and electrical energy stored inside the body of interest, and P stands for the change in the potential during creating the new crack surface. The generalized work and the generalized energy are given by
where C denotes a contour around the crack, as shown in Fig. 3 , X is the integration domain closed by C, and n j denotes j -direction component of the unit normal vector n of a closed surface S (n directs towards the environment). u is the electric potential, and h the electric enthalpy per unit volume; u i and w i are the mechanical displacements of the phonon and the phason fields, such that
Define the energy release rate G as
where A is the area of the crack faces. From Eqs. (58)- (61), we have
Assume that the crack propagates in a self-similar fashion. By using Eqs. (22), (23), (62) and (63) 40 
Numerical examples
We discuss the effects of mechanical and electrical loadings on the energy release rate for a particular 1D hexagonal QC with piezoelectric effects. The material constants are selected as follows 37 : 
Substituting Eq. (57) into Eq. (64), the energy release rate can also be written as 
Figs. 4-6 show the effects of the electro-mechanical coupling behavior of the phonon and the phason fields on the energy release rate for a fixed-size crack with a = 0.01 m. G cr denotes the critical energy release rate and it is fixed as G cr ¼ 5:0 N=m to normalize the G. 40 It is found from Figs. 4 and 5 that the mechanical loadings of the phonon and the phason fields always promote the crack growth, but their effects are different. When the mechanical loading of the phonon field plays a main role in the electro-mechanical coupling behavior, the effect of the negative electric field on the energy release rate is negligible. The energy release rate of the negative electric field is larger than that of the positive electric field. It is seen 
Conclusions
The linear fundamental equations of 1D hexagonal QCs with piezoelectric effects are obtained and the piezoelaticity problem of 1D hexagonal QCs is decomposed into two uncoupled problems, i.e., the classical plane elasticity problem of conventional hexagonal crystals and the phonon-phason-electric coupling elasticity problem of 1D hexagonal QCs. The final governing equations and the Stroh formulism are derived for the phonon-phason-electric coupling anti-plane elasticity of 1D hexagonal QCs. The complex variable method for an anti-plane elliptical cavity in 1D hexagonal piezoelectric QCs is proposed and the exact solutions of complex potential functions, the stresses and displacements of the phonon and the phason fields, the electric displacements and the electric potential are obtained explicitly. Reducing the cavity into a crack, the explicit solutions in closed forms of electro-elastic fields, the field intensity factors and the energy release rate near the crack tip are derived. The result indicates that the energy release rate is not only dependent on the field intensity factors, but also dependent on the material constants, which can be used as the fracture criterion for the piezoelectric QCs. The present results can be reduced to the earlier theories of elasticity of QCs and piezoelectric materials, which can play an important role in the study of defects, such as cracks, holes and dislocations of piezoelectric QCs. 
